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A general analysis of the reaction wave propagation in nonlinear 
exothermic nonadiabatic diff usion-convection-reaction systems is pre- 
sented. The following topics are considered: approximation of tempera- 
ture profiles based on the idea of infinitesimaly thin reaction front, esti- 
mation of maximum temperature, estimation of the conversion at the hot 
spot, a prioricalculation of the front velocity, analysis of the self-ignition 
phenomena and their relation to wave propagation, and discussion of 
the effect of the heat loss parameter on the direction of propagation and 
shape of traveling waves. A comparison of the analytical work with 
exact numerical results reveals excellent agreement. The main obiec- 
tive of this paper is to provide a definite analysis of reaction wave prop- 
agation in reacting flow systems. 
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Introduction 
The Occurrence of exothermic reactions in heterogeneous 

reacting flow systems is accompanied by a complicated interac- 
tion of flow, heat conduction, and mass diffusion. In such sys- 
tems strongly exothermic reactions may give rise to reaction 
fronts. The propagation of reaction fronts plays an important 
role in many chemically reacting systems as, for example, tubu- 
lar catalytic and noncatalytic reactors, combustion, and flame 
propagation, so that its detailed description and understanding 
seem to be desirable. 

A theory of propagation of reaction fronts in exothermic sys- 
tems was initiated by Zel’dovich and Frank-Kamenetskii 
(1938). Later, Hirschfelder et al. (1953) attempted to develop 
procedures toward solving the set of coupled nonlinear ordinary 
differential equations that describe propagation of a laminar 
flame. Although the problem proved to be too difficult to solve 
by the methods that they employed, some quantitative results 
were obtained. In the 1960’s and 1970’s propagation of reaction 
fronts in exothermic reacting systems became an important 
problem for the chemical engineering community, and contribu- 
tions from Amundson, Wicke, and Vortmeyer and their cowork- 
ers in the following papers represent new developments in the 
field: Liu and Amundson (1962), Rhee et al. (1973), Rhee and 
Amundson (1974). Padberg and Wicke (1967), Fieguth and 
Wicke (1971). Vortmeyer and Jahnel (1972), Simon and Vort- 
meyer (1977), and Kalthoff and Vortmeyer (1 980). 

The use of activation-energy asymptotics, early initiated in 

Corrcspndena awarning this paper should be a d d r d  to Vladimir Hlavacek. 

the 1940’s by the Russian school and later developed systemati- 
cally by Western combustion scientists, provides a route to deal 
with the highly nonlinear reaction term. By using methods of 
asymptotic analysis, the description of reaction systems has been 
greatly simplified and new results on reaction front propagation 
phenomena have been derived. Thus, among other authors, 
Buckmaster and Ludford (1983), Matkowsky and Sivashinsky 
(1979), Matkowsky and Olagunju (1981), Sivashinsky and 
Matkowsky (1981), Margolis (1983, 1985), and Margolis and 
Armstrong (1985) have presented important results on propaga- 
tion of reaction fronts in adiabatic and nonadiabatic homoge- 
neous exothermic reaction systems. 

The present paper makes an attempt to analyze globally wave 
propagation phenomena in nonadiabatic exothermic reaction 
flow systems. The analysis is based on the old idea by Zel’dovich 
and Frank-Kamenetskii (1938) and Frank-Kamenetskii (1969) 
which assumes that the reaction occurs only inside a narrow 
zone and outside this zone only heat and mass transfer phenom- 
ena take place. 

The contribution of this paper is an analytical and numerical 
study of propagation phenomena in exothermic nonadiabatic 
systems. A priori direct formulas that can be applied to both 
downstream and upstream propagating waves, were developed 
for the velocity of the reaction front, for the temperature and 
conversion at the hot spot and for the ignition length. The results 
of this analysis are in satisfactory agreement with exact results 
furnished by numerical integration of the full governing equa- 
tions. 

The present paper also describes the application of the analy- 
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sis to reacting systems where multiplicity phenomena occur. The 
developed analytical tools make it possible to make a good (I 
priori estimates about: 

1. The shape of the propagating profiles (constant pattern 
profiles or degenerated waves) 

2. The direction and speed of propagation 
3. Self-ignition development 

Description of the Reacting System 
This paper concerns the propagation of reaction fronts 

through a gaseous flow system. The problem is: What kind of 
wave, traveling or standing, can we expect for given system 
parameters and initial conditions? What is the direction of the 
wave and how to calculate a priori the speed of the wave? The 
analysis presented below provides an escape from the intracta- 
bility of the nonlinear governing equations; it will be shown that 
the flame sheet approximation provides all necessary tools to 
develop a complete analysis. 

The analysis presented here can be applied directly to packed 
catalytic reactors, laminar flames, and filtration combustion 
problems (combustion of gas in solid noncatalytic packing). 
Many features of the analysis can be utilized even for noncata- 
lytic gas-solid exothermic problems. 

To make the problem tractable we decouple the fluid flow 
equations from the heat and mass transfer equations. This strat- 
egy was first used by Zel’dovich et al. (1938, 1980) and Frank- 
Kamenetskii (1969) in their famous attempt to develop a 
description of laminar flame propagation in gaseous systems. 
The resulting set of equations is called in the combustion 
oriented literature “the diffusion model of a laminar flame.” 
The idea of decoupling was systematically used by chemical 
engineers in the design of nonadiabatic reactors, and description 
of parametric sensitivity and wave propagation in nonisothermal 
reacting systems. The qualitative and quantitative aspects of 
this approximation can be found elsewhere (Clavin, 1985; 
Zel’dovich et al., 1980). 

For the mathematical description of the heat and mass trans- 
fer processes in fixed-bed reactors, two general types of models 
have been developed: 

1. The one-phase, or pseudohomogeneous model, in which 
the reactor is approximated by a quasi-continuum medium 

2. The two-phase model, in which mass and heat transfer 
processes are considered in both solid and fluid phases 

The following analysis is relevant to a one-phase model. The 
governing transport equations describing heat and mass transfer 
in a reacting convective system, which is decoupled from the 
flow equations, are: 

where 

and 

or, in a dimensionless form 

+-- _ = _ _  
a7 aq BO, a2y all2 + Do e x p ( - L - -  I + -  ( Y )  (3) 

\ rl 

ae ae 1 a% 
a7 aq Pe, aq2 u- = - - + -- + BDaexp 

\ rl 

subject to the following boundary conditions 

and 

In our discussion of propagation of reaction fronts in nonlin- 
ear exothermic reaction systems, the breaking of symmetry phe- 
nomena will be neglected. The crucial assumption made is a pla- 
nar stable reaction front. The radial distribution of temperature 
resulting from the lateral cooling of the system is also neglected. 
In many nonadiabatic nonisothermal systems the integral, ra- 
dially averaged temperature represents a satisfactory approxi- 
mation (Hlavacek and Votruba, 1977). As a result, the one- 
dimensional situation alone will be addressed. 

The relevant assumptions used to develop approximate ana- 
lytical formulas are summarized below: 

1. A strongly exothermic, irreversible reaction with high ac- 
tivation energy is carried out. A narrow reaction zone located 
close to the maximum temperature is assumed. 

2. The velocity field is decoupled from the governing heat 
and mass balances. 

3. A stable planar reaction front is considered. 
4. The reaction rate is negligible in the preheating and 

5. The axial mass diffusion effects are negligible. 
6. The reaction front is located far from the reactor inlet and 

outlet and can propagate with constant velocity w. 
7. All physical properties are considered constant and evalu- 

ated at  inlet conditions. The temperature of the surroundings is 
assumed constant. 

If the temperature and conversion profiles (and consequently, 
the reaction front) propagate with constant speed wand without 
changing their shape (constant pattern profiles), a similarity 
transforma?ion (Frank-Kamenetskii, 1969; Rhee et al., 1974) 
can be used to simplify the governing transient equations x - 
z - wt and 7 = t, and the governing Eqs. 1 and 2 can be written 
as  follows 

quenching zones; see Figure 1 .  
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Table 1. Values of Variables and Parameters 
~ ~~~~ 

To. K y o  Da B 

243 0.02 0.4034 11.8731 
0.03 0.4034 17.8 106 

263 0.03 1.1261 15.5063 
0.035 1.1261 18.0906 

293 0.03 4.3185 12.8368 

L - 0.060 m; D, - 0.023 m; Dp - 0.0034 m 
C,,, - (pr  u) ,  - 9.26 lo-' kg m-' s-' 

Bo, - 465.88'; Pe, = 38.84'; u - 2,139.73 

Rate Expression 

where 
k, - 1.42 lo6 S-' 

EIR - 6,396.9 K 
K, - 2,959.39 m: . kmol& 

*Values of axial mass and thermal Peclet numbers calculated from correlations 
proposed by Edwards and Richardson (1968) and Votruba et al. (1972). respec- 
tively. 

d2T 4u 

dx2 0, 
= kcz- + ( - A H , ) R ( y ,  T) - - ( T  - To) (8) 

The values of the parameters for the calculations as well as 
the rate expression, reported in Table 1, have been chosen for a 
catalytic packed bed where the oxidation of carbon monoxide 
over Pt/A120, is carried out (Puszynski and Hlavacek, 1980). 

J 0.8 

Approximation of temperature profiles 

has the form 
Outside the reaction zone, Figure 1, the heat balance, Eq. 8, 

d2T dT 4U 
dx2 dx D, 

k c ~ - + + E C p ~ ( ~ w - ~ ) - - - ( T -  To)=O (9) 

To remove the end effects, an infinitely long system will be 
considered. The boundary conditions will assume the form: 

Preheating zone 

(10) 
dT 
dx 

T - T o  and - - -0  f o r x d - m  

Quenching zone 

dT 
dx T =  To and - - -0  forx-+m (11) 

Since the reaction is strongly exothermic and E/RT,,, >> 1, we 
can assume that the reaction zone thickness is negligible com- 
pared to the preheating and quenching zone lengths. As a result, 
the following matching condition can be imposed 

The eigenvalues of the solution to Eq. 9 are 

0.6 

0.4 

0.2 

-Preheating zone+ 

T - 343. K 

Y = 0.030 
0 

0 

@ - 15. 

' I  

# I  s 

' 
' I  '* 

uenching zone- 

0.0 0.2 0.4 0.6 0.8 1 
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Figure 1. Zones identifiable in a reacting flow system. 
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In order to satisfy the boundary conditions, Eqs. 10 and 11, 
the solution in each zone must be represented by just one eigen- 
value. Thus, the solution to Eq. 9 reads 

and 

AS a t x =  + -  
2 y - 1 ,  T -  TI +At12 , and g=c/ dx dx + A t 1 2  

( T  - T0)i.z = (T, - To) ~ X P  (X1.2X) (14) 
and the following expression results 

where 1 and 2 stand for preheating and quenching zone, respec- 
tively, and the inequality in Eq. 15 holds for eigenvalues X I  and 
A 2  

- EJ A"2 ( T  - To)dx - (-AH,)C,,t(w - u) - 0 (18) 
Dt - 4 / 2  

(15) 

To satisfy the above inequality, the following restriction for 
For an infinitesimally narrow reaction zone (AS - 0) the sec- 

ond and third terms in Eq. 18 become negligible compared with 
the conductive term, and the following relation between heat 

the front velocity has to be satisfied 

U 
W < -  (16) fluxes results 

U 

Estimation of maximum temperature rTl - kez dx 
O+ dx 0- 

] = p8Cpgc(w - u)(T, - To) (19) 

Equations 7 and 8 can be combined to eliminate the reaction The temperature gradients in Eq. 19 can be evaluated from 
the expression for the temperature profiles derived in the previ- 
ous section, Eq. 14. 

d 2 T  d T  4U The final expression, which relates hot spot temperature, pro- 
pagation velocity of the reaction front, and system parameters, dx2 dx D, 
is 

term. The resulting equation reads 

k, - - p,CPgt(~w - U )  - - - ( T  - To) 

dY 
dx 

- ( -AHr)C0t (w - U )  - = 0 (17) 

The above equation can be integrated across the reaction 
zone, Figure 2, subject to or, in dimensionless form 

AS 
- 4 1 2  2 

y - 0 ,  T =  TI , and - = -  a t x =  - -  

1 .o 

0.8 

0.6 

0.4 

0.2 

0.0 

Figure 2. Model of reaction zone. 
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The above relation indicates that the maximum temperature 
in the reactor can exceed the adiabatic temperature only for a 
downstream propagating wave (w > 0). 

In the adiabatic reactor (@ = 0), the maximum temperature 
(0,) is equal to the adiabatic temperature B only if the steady 
state is reached (w = 0). 

Estimation of conversion at the hot spot 

integration of Eq. 17 subject to 
The value of the conversion y,, Figure 2, can be estimated by 

dT 
dx y = 0, T = To, and - = 0 forx- 

and 

dT 
dx 

y = y m ,  T =  T,, and - =  0 forx = 0 

The resulting equation has the form 

This equation can be rearranged to: 

After neglecting the thickness of the reaction zone and using 
Eq. 14, the integral in the above equation can be approximated 
by 

Here A, is given by Eq. 13. 

properties and system parameters can be obtained 
By using this approximation a relation between the front 

or, in dimensionless form 

Estimation of front velocity 

the reaction zone, Eq. 17 can be integrated subject to 
To describe the temperature and conversion profiles inside 

= O  a t x - 0  
dT 

y = y,, T -  T,, and - dx 

and 

The resulting equation has the form 

d T  4 u  k , z  + p,C,,t(uw - u)(T,  - T )  - -so ( T  - To) dx 
D, x 

- ( -AH,)C0t(w - u) (Y ,  - y )  = 0 (23) 

It has been indicated above that the terms accounting for the 
convective transport and heat losses inside the narrow reaction 
zone are negligible compared to the conductive transport. Based 
on this assumption, Eq. 23 becomes 

This equation can be combined with the mass balance, Eq. 7 ,  
to eliminate the independent variable x: 

The resulting Eq. 25 can be integrated subject to the bound- 
ary conditions, Figure 2, T = T, at  y = ym, and T = TI -N,2 at  
y = 0, giving: 

or, in dimensionless form 

The above expression, Eq. 25, was obtained by using the 
assumption that for a strongly exothermic reaction with high 
activation energy, the following approximation (Zel’dovich et 
al., 1980) can be applied 

Ignition and Wave Propagation 
In the previous section the formulas to estimate the properties 

of propagating fronts in nonadiabatic exothermic reacting flow 
systems have been developed. These expressions are based on 
the assumption of a reaction front located far enough from the 
reactor inlet or outlet, and unicity of steady state solutions. 
However, these assumptions are not always satisfied. 
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For a reactor of a finite length, the following situations can be 
expected: 

1. The catalytic bed is long enough to exhibit a self-ignition 
process, which results in a formation of a temperature wave. 
Only one ignited steady state (ISS) is possible. ISS is character- 
ized by steep temperature and conversion profiles. 

2. The reactor cannot be self-ignited, but multiple steady 
states can exist. 

3. A self-ignition process does not occur and the reactor can 

operate only a t  an extinguished steady state (ESS). ESS is char- 
acterized by flat temperature and conversion profiles. 

In the case of only one ISS, the reactor can be ignited any- 
where (depending on the operating conditions) inside the sys- 
tem. When the reactor is ignited close to the entrance, a propa- 
gating wave cannot develop and a degenerated standing wave 
results, Figure 3. For an ignition process taking place far enough 
from the entrance, traveling waves will develop, Figure 4, and 
our approximate formulas can be used. 

1 .o 

Oe8 1 
0 S 7 5 4500. T = 343. K 

0 

Ar = 500. Y - 0.030 
0 

p - 1. 

0.6 

0.4 

0.2 

0.0 

824 

z/L 
Figure 4. Ignition a8 a traveling wave. 
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Let us now define the ignition length, zi, as the distance from 
the reactor entrance to the position of the maximum reaction 
rate a t  the moment of ignition. It is evident from Figures 3 and 4 
that the ignition length is crucial for the analysis of wave propa- 
gation in reacting flow systems. 

The value of the ignition length can be determined from Eq. 
28 after substitution for Bi from Eq. 29. To obtain exact values of 
the ignition length, Eq. 27 must be integrated numerically. 

Effect of Heat Losses on Wave Propagation 

8/B 

0.0 - 

Estimation of ignition length 
For preignition conditions low consumption of the reactants 

can be assumed and the concentration term of the reaction rate 
expression can be approximated by using the inlet conditions. 
Thus, for quasi steady state conditions in the preignition regime, 
the dimensionless energy balance has the form 

0 S T C 6500. T 0 = 343. K 

AT = 500. Y 0 = 0.030 

subject to 0 = 0 at  7 = 0 and 0 = Bi at  q = oi. 
An approximate analytical expression relating the ignition 

length, ignition temperature, and system parameters can be 
obtained if the nonlinear righthand side of Eq. 27 is linearized 
around 0 = 0. 

where C = B D U ( ~ ( . Y ) / C , I ~ - ~ )  
Here, the ignition temperature Bi is considered as the temper- 

ature a t  which the derivative of the reaction rate with respect to 
temperature becomes maximum, and it can be estimated from 
the relation derived by Babkin et al. (1983) as 

The analysis presented in previous sections allows us to pre- 
dict analytically the speed and direction of propagation of the 
reaction front as well as the ignition length. In this section the 
effect of the heat loss for inlet conditions (inlet temperature, 
concentration, and gas velocity) that guarantee the developing 
of a self-ignition process under adiabatic conditions will be ana- 
lyzed. 

The general features of transient behavior of a nonadiabatic 
reacting flow systems, operating under conditions mentioned 
above, can be inferred from Figures 12a and 12b. Curve I repre- 
sents the axial position or where the ignition process begins. This 
curve is calculated by numerical integration of Eq. 27 or from 
Eq. 28. If the value of vi is in the region oic(O,  l ) ,  the self-igni- 
tion process takes place. If 17, > 1, then the reactor is too short 
and self-ignition cannot occur. Curve 2 describes the relation 
between the reaction front speed and the heat loss parameter as 
predicted by Eqs. 20, 22, and 25. When the values of the front 
velocity are negative, the constant pattern profiles will be 
observed only for upstream propagating waves. On the other 
hand, when the velocity is positive the constant pattern profiles 
will be observed only for downstream propagating waves. 

When multiple steady states exist the situation becomes more 
complex and both upstream and downstream waves can be 
expected. Curve 3 represents the locus of the hot spot position of 
an unstable steady state ous. This curve was calculated by 
numerical integration of the governing Eqs. 3 and 4. 

When the instant position qF of a traveling wave (axial loca- 
tion of the hot spot) is in the region between the reactor inlet and 
the axial position of the unstable steady state (i.e., 0 < oF < 
the wave will always propagate upstream. Otherwise (vF > ous), 

0.6 

0.4 

0.2 

0.0 

z/L 
Figure 5. Ignition at the end of the catalytic bed. 
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the wave will propagate downstream and the ESS steady state 
will result. 

Depending on the values of the heat loss parameter 6, dif- 
ferent features of the propagating waves can be observed. For 
values of /3 < P L  a self-ignition process occurs in the reactor (vi < 
I ) ,  the reactor front will always propagate upstream, and the 
ISS steady state will result. 

p < p L )  constant pattern profiles can be 
formed when the ignition process develops far enough from the 
reactor entrance, Figure 4, and the velocity of the propagating 
front can be predicted from curve 2. In turn, when the ignition 
process takes place close to the reactor entrance (qi - 0) a 
"standing-like" wave results, Figure 3, and our analytical for- 
mulas cannot be applied. 

For p = P L  an ignition process begins exactly a t  the end of the 
reactor, Figure 5. For values of > DL the picture becomes more 
complicated; the self-ignition process does not occur, but multi- 
ple steady states can exist. The multiplicity region can exist only 
for Pr < /3 PM; for higher values of the heat loss parameter 
(6 > BM). the reactor can operate only at  the extinguished steady 
state, ESS, and downstream waves (w > 0) can be observed. 

When the values of the heat loss parameter are in the interval 
p L  < p < Po, both upstream (for 0 qF < qus, region IIa) and 
downstream (for vus < qF < 1, region IIb) propagating waves 
can be observed. The upstream waves will propagate as constant 
pattern profiles with velocity predicted by curve 2, Figure 6, 
while the downstream traveling waves are degenerated (the hot 
spot temperature will decrease with time). 

vF < vus, region IIIa) and 
downstream (for qus < qF < 1, region IIIb), waves can be 
observed. Constant pattern profiles can be expected only for 
downstream propagating waves (region IIIb). The waves propa- 
gating upstream are degenerated (the hot spot temperature will 
increase with time). 

In the region I ( 0  

In region 111 upstream (for 0 

For supercritical values of the heat loss parameter 0, p > &,, 
the set of Eqs. 20, 22, and 25 does not exhibit a solution. As a 
result, the constant pattern profiles cannot be formed. If PM < 
6 < p,, (region IVa, Figure 12a), the waves propagating down- 
stream are constant pattern profiles, Figure 7, while for &, < 

< OM (region IVb, Figure 12b), degenerated waves traveling 
both downstream and upstream result, Figure 9. 

In region V multiple steady states cannot exist, and p > p,,. 
Evidently only degenerated waves traveling downstream can be 
formed, Figure 8. 

In reacting flow systems with a strong exothermic reaction, 
wave propagation can be degenerated. Due to the reactant con- 
sumption in the preheating zone (nonzero reaction rate), true 
constant pattern profiles do not exist in such systems. Numerical 
results (Puszynski et al., 1986) have shown that for low values of 
the activation energy, the conversion in the preheating zone can 
differ significantly from zero; for such conditions, only degener- 
ated waves can be observed. If the activation energy i s  large, the 
consumption in the preheating zone becomes less significant, 
and for certain conditions (To, C,, P, q), a wave can propagate 
like a constant pattern profile. The ideal constant pattern pro- 
files can be expected only when the activation energy becomes 
infinity. In real systems with strongly exothermic reactions, typ- 
ical values of the activation energy range from 50 to 150 kJ/ 
kmol. 

Numerical Integration of the Reacting Flow 
The numerical solution of nonlinear reaction-convection-dif- 

fusion equations is a difficult task (McDonald, 1979; Oran and 
Boris, 1981). This subject is even more difficult when the equa- 
tions assume a hyperbolic character as a result of the domina- 
tion of the convective term (Hlavacek and Votruba, 1977). 

Price et a]. ( 1  966) were the first to recognize that for linear 

1 .o 

0.8 i 0 d T 5 3000. T = 343. K 
0 

AT = 500. Y = 0.030 
0 

0.6 

0.4 

0.2 

0.0 

826 May 1987 Vol. 33, No. 5 AIChE Journal 



1.0 1 1 

e/B 

0.8 - 

Figure 7. Downstream (extinction) propagating front as a traveling wave. 
Change in heat loss parameter 

0 S T S: 5000. T - 343. K 
0 

AT = 1000. Y - 0.030 
0 - 20. 

convection-diffusion systems, numerical difficulties arise due to 
the spatial discretization. A large volume of investigation on the 
behavior of different methods suitable for solving the classical 
convection-diffusion transient problem has been done so far. 
Presently it is understood how to eliminate artificial oscillations 
caused by temporal integration, and how to supress oscillations 
due to the approximation of the convective term. Unfortunately, 

in the latter case the spatial increment required for approxima- 
tion is usually very small. Many of the numerical schemes pro- 
posed degrade the quality of the solution by introducing artifi- 
cial dispersion in the solution. 

In recent years the method of orthogonal collocation (Vil- 
ladsen and Stewart, 1967) challenged many of the traditional 
finite-difference schemes. It has been used successfuIly in cases 

0.6 

0.4 

0.2 

0.0 

- -  - - -  

I 
#O 

Figure 8. Downstream (extinction) propagating front as a 
degenerated wave. 
Change in heat loss parameter 
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Figure 9. Degenerated waves in the region of multiplicity. 

Step perturbation in inlet concentration 

of moderate values of the Peclet number (Jutan et al., 1977) and 
even when the system exhibits high sensitivity to changes of the 
operating conditions (Gatica et al., 1984). However, this ap- 
proach is inappropriate a t  high values of the Peclet and Dam- 
kohler numbers when boundary layers related to flow and chem- 
ical reaction exist. In order to obtain a good representation of 
such a boundary layer problem, a large number of collocation 
points is needed, most of which are wasted outside the boundary 
layer. Moreover, the null gradient zone downstream of the 
boundary layer is difficult to represent by orthogonal colloca- 
tion, and space oscillations on the profiles appear. 

For problems of this type finite-difference methods are 
superior to the orthogonal collocation approach because a large 
number of grid points can be used and computations can be effi- 
ciently performed through tridiagonal matrix calculations. 

From Figure 1 it can be inferred that three regions are  clearly 
distinguished inside the reactor. Thus, a piecewise representa- 
tion of the temperature and conversion profiles might be effi- 
cient. This idea, proposed by Carey and Finlayson (1  979, has 
been called orthogonal collocation on finite elements (OCFE), 
and it is also referred to in the literature as spline collocation 
(Villadsen and Michelsen, 1978; De Boor and Swartz, 1973). 
This method could be considered a good combination of a small 
truncation error approach, typical for orthogonal collocation, 
and the ability of the finite-difference method to place grid 
points where needed. 

This method provides a useful tool to solve steady state prob- 
lems, as shown by Carey and Finlayson (1975), who proposed to 
locate most of the elements in the boundary layer. In a recent 
paper, Jensen and Ray (1982) used this approach, obtaining the 
solution outside the reaction zone by analytical solution of the 
governing equations without the reaction term, 

Transient problems featuring boundary layers are character- 
ized by a displacement in time of such a narrow region. An effi- 

cient numerical technique requires a regridding of the mesh 
points in space. The methods that deal with this problem are fre- 
quently referred to as mesh refinement techniques or moving 
coordinate system methods. The first approach consists basi- 
cally in redefining the grid a t  each time step in such a way that 
the reaction zone is well approximated and unnecessary points 
elsewhere are eliminated (Dwyer et  al., 1982; Smooke et al., 
1982; Gropp, 1980; McDonald, 1979; Eigenberger and Butt, 
1976). The second approach takes advantage of defining a new 
coordinate system that moves along with the reaction front, so 
that the front remains fixed in time in the new coordinate system 
(Warnatz, 1978; Puszynski et al., 1986); however, a moving 
boundary problem is generated. 

In this work spatial discretization of the OCFE type has been 
applied and temporal integration has been carried out through 
the method of lines. Two different discretization schemes have 
been tested: 

1. A fixed-element scheme with 20-50 elements equidis- 
tantly distributed. The location of the elements remains fixed in 
time. The number of interior collocation points varied between 3 
and 5. 

2. An adaptive scheme with 7-9 moving elements. The ele- 
ments are moving accordingly to the propagation of the reaction 
front. The reaction front is always approximated by several ele- 
ments. The number of interior collocation points was the same 
as in scheme 1. 
Both schemes have predicted similar results. The average time 
of calculation necessary to solve the full governing equations 
using a CRAY-1 supercomputer (Los Alamos, NM) was 5-15 
min of CPU time. 

Comparison with analytical results 
The comparison of analytically predicted reaction front prop- 

erties (velocity of propagation and hot spot temperature and 
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conversion) and ignition length with the exact results obtained 
by numerical solution of the governing equations, Eqs. 3 and 4 is 
presented in Figure 10. The inlet conditions correspond to the 
situation illustrated by Figure 12a [To = 343 K ,  Yo = 0.03, and 
(p,u), - 9.26 lo-’ kg m-’ - s-’1. It can easily be seen that the 
analytical approach agrees quantitatively well with the numer- 
ical results for a wide range of the values of the heat loss param- 

The approximate formulas do not predict correctly the criti- 
cal value of the heat loss parameter for which the possibility of 
constant pattern profiles disappears. One of the reasons is the 
assumption of an infinitesimaly narrow reaction zone; numerical 
results have shown that the larger the heat loss parameter, the 
wider the reaction zone, Figure 11. 

For higher values of activation energy and larger heat capac- 

0.6 
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0.2 

ity of the solid phase, the agreement between analytically pre- 
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Figure 11. Reaction zone for different values of heat loss parameter. 
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Figure 12a. Transient behavior of reacting flow systems. 

dicted and numerically calculated critical values of the heat loss 
parameter is better. 

Acknowledgment 

part by National Science Foundation grant No. CPE 83-10627 and PRF 
grant No. 16455 ACS. Time on the CRAY-I supercomputer was pro- 
vided by a grant from the Center for Nonlinear Studies, Los Alamos 
National Laboratory, New Mexico, J. Gubernatis, administrator. 

Notation Jorge E. Gatica gratefully acknowledges fellowship support from the 
Consejo Nacional de Investigaciones Cientificas y Tdcnicas C - concentration, kmol . mi3  
(CONICET) of the Republic of Argentina. The work was supported in C, = specific heat, kJ - kg-' . K-' 

Figure 12b. Trsnsient behavior of reacting flow systems. 

b 1.0 

t 0.0 

-1 .o 

830 May 1987 Vol. 33, No. 5 AIChE Journal 



D. = effective mass diffusivity, mg’ - m-I . s-’ 
D, = catalyst pellet equivalent diameter, m 
0, = tube diameter, m 
E = activation energy, kJ . kmol-’ 
k. = effective thermal conductivity, kJ 

Keg = equilibrium constant, mi . kmof-’ 
k, - preexponential factor, s-’ 
L = reactor length, m 
n = order of reaction 
R = universal gas constant, kJ . kmol-I . K-’ 

r = time, s 
T = temperature, K 
u = gas superficial velocity, m s-I 
U - overall heat transfer coefficient, kJ . m-* . s-’ . K - ’  
w = speed of reaction front, m s-’ 
x = similarity transformation variable, m 
y = conversion, 1 - C/C, 
Y = carbon monoxide molar fraction 
z = axial position, m 

. s - I  . K - ’  

Dimensionless groups 
B = adiabatic temperature rise, [(T, - T0)/TO] E/(RT,) 

Bo = mass Peclet number (Bodenstein number), (uLt)/D, 
Da = Damkohler number, [k,,e-[E’(RTo)l LCz-’]/uc 
Pe = thermal Peclet number, (uLtp,C,,)/k, 

Greek letters 
0 = heat loss parameter, (4UL)/D,p,Cppt 
y = dimensionless activation energy, E/(RT,) 

AH, = heat of reaction, kJ . kmol-I 
A[ = reaction zone thickness, m 

t - void fraction, mi - m-’ 
9 = dimensionless length, z / L  
T = dimensionless time, ( r u ) / L  
B = dimensionless temperature, [ (T  - T,)/T,] [E/(RT,)I 

w - dimensionless reaction front speed, w / u  
p = density, kg m-’ 
y = eigenvalues 
u = heat capacities ratio, 1 + [psCps(l - c)/(pgCp&)] 

Subscripts 
a = adiabatic 
g = gas 
i = at ignition position 
m = at hot spot axial position 
o = initial 
s = solid 
z = axial 

Appendix: Details of Numerical Solution 
The underlying idea is to divide the physical domain in NE 

elements, each of size hk, and write the governing equations in 
every element. Thus, for the kth element, we can define 

and the dimensionless governing equations are 

1 ay I . I  a2y _ - -  + --- + DaR(y ,  0 )  

I a8 1 1 a2e 

(Al l  
h k  ax Bo, hi ax’ 

--+--- i- BDaR(y,  8 )  - /3e (A2) 
hk ax pe, hi ax2 

Matching between adjacent elements is attained by requiring 
continuity of profiles and fluxes, that is, 

and 

The dimensionless governing equations, Eqs. 3 and 4, are dis- 
cretized by means of OCFE, and the following system of (2 
NE NC)  ordinary differential equations arises 

with i = 2, .  . . , NC + 1 and k = 1 , .  . . , NE, where NCand NE 
stand for number of interior collocation points and number of 
elements, respectively. 

The system of Eqs. A5 and A6 is integrated through the 
methods of lines, while the remaining 2(NE + 1 )  unknowns 

and 

are determined using matching Eqs. A3 and A4 and the bound- 
ary conditions of Eqs. 5 and 6. After discretization, Eqs. 5 and 
A3 can be rearranged to 

where 

I(.. - 2) for k == 1 

bk = { ANC+Z.NC+2 

hNE 
for k 5 NE 
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lo f o r k = N E +  1 

“ = 1- (“i!) otherwise 

for k = 1 

In a similar fashion, Eqs. 6 and  A4 can  be rearranged as 

where 

for k = 1 lo 

- 2) for k = 1 

for k = NE ANC+2,NC+2 

h ,  

ANC+2.NC+2 - &) otherwise ( jk-1 hk  

lo for k = NE 

f o r k  = 1 

otherwise 

Equations A7 and AS are two tridiagonal systems and  can be 
easily solved by means of the Thomas algorithm (Richtmyer and  
Morton, 1967). For the sake of simplicity, the number of inte- 
rior collocation points NC has been assumed the  same for every 
element (NC, = NC V k ) ;  it can, however, be different. The 
symbols A,,j and Bi.j stand for the  orthogonal collocation 
matrices as defined elsewhere (Villadsen and  Michelsen, 
1978). 
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